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On Willmore Legendrian surfaces in S5 and the contact
stationary Legendrian Willmore surfaces
Yong Luo
Abstract
In this paper we study Willmore Legendrian surfaces (that is Legendrian surfaces which
are critical points of the Willmore functional). We use an equality proved in [Luo] to get a
relation between Willmore Legendrian surfaces and contact stationary Legendrian surfaces
in S5, and then we use this relation to prove a classification result for Willmore Legendrian
spheres in S5. We also get an integral inequality for Willmore Legendrian surfaces and in
particular we prove that if the square length of the second fundamental form of a Willmore
Legendrian surface in S5 belongs to [0, 2], then it must either be 0 and L is totally geodesic
or 2 and L is a flat minimal Legendrian tori, which generalizes a result of [YKM]. We
also study variation of the Willmore functional among Legendrian surfaces in 5-dimensional
Sasakian manifolds. Let Σ be a closed surface and (M,α, gα, J) a 5-dimensional Sasakian
manifold with a contact form α, an associated metric gα and an almost complex structure J .
Assume that f : Σ 7→ M is a Legendrian immersion. Then f is called a contact stationary
Legendrian Willmore surface (in short, a csL Willmore surface) if it is a critical point of
the Willmore functional under contact deformations. To investigate the existence of csL
Willmore surfaces we introduce a higher order flow which preserves the Legendre condition
and decreases the Willmore energy. As a first step we prove that this flow is well posed if
(M,α, gα, J) is a Sasakian Einstein manifold, in particular S
5.
1 Introduction
Let Σ be a closed surface, (M,g) a Riemannian manifold and f an immersion from Σ to M .
We consider the Willmore functional defined as
W (f) =
1
2
∫
Σ
S − 2|H|2dµf , (1.1)
where A is the second fundamental form of f with respect to the induced metric, S := |A|2, H
is the mean curvature vector field of f defined by
H =
1
2
trA,
and dµf is the measure element on f .
We see that by the Gauss equation
4|H|2 − S = 2Kf − 2KM ,
where Kf is the Gauss curvature of f with respect to the induced metric and KM is the Gauss
curvature of the metric g when restricted to the plane f∗(TΣ). Therefore by the Gauss-Bonnet
1
theorem we see that W (f) differs from the following conformal Willmore functional
Wconf (f) =
∫
Σ
|H|2 +KMdµf (1.2)
by a constant. It is well-known thatWconf (.) is invariant under the conformal transformations of
the ambient manifold M(cf. [Wh], [Ch]). Therefore W (f) is also invariant under the conformal
transformations of the ambient manifold M .
We see that W (f) is nonnegative and it has the advantage of being zero exactly when f is
totally umbilical.
For a smooth variation f : Σ× I →M and φ = ∂tf we have (cf. [Tho], [Wei])
d
dt
W (f) =
1
2
∫
Σ
(〈−→W (f), φ〉)dµf , (1.3)
with
−→
W (f) =
∑n
α=3
−→
W (f)αeα, where {eα : 3 ≤ α ≤ n} is the orthonormal basis of the normal
bundle of f(Σ) in M and
−→
W (f)α = ∆νHα +
∑
i,j,β
hαijh
β
ijH
β − 2|H|2Hα, 3 ≤ α ≤ n, (1.4)
where ∆ν is the Laplace-Beltrami operator along the normal vector bundle of f and hαij is the
component of A and Hα is a half of the trace of (hαij).
A smooth immersion f : Σ → M is called a Willmore immersion, if it satisfies the E-L
equation of W , i.e. f is a Willmore immersion if and only if
∆νHα +
∑
i,j,β
hαijh
β
ijH
β − 2|H|2Hα = 0, 3 ≤ α ≤ n, (1.5)
or equivalently,
∆νH +Q(A◦)H = 0, (1.6)
where
Q(A◦)H :=
∑
i,j,k,l
gikgjlA◦ij〈A◦kl,H〉,
and A◦ := A−Hg is the trace free part of A.
In [LW], a geometrically constrained variation problem was studied for Lagrangian surfaces
in C2. In this paper we introduce another kind of geometrically constrained variation prob-
lem of the Willmore functional, i.e. the contact deformations of the Willmore functional with
(M,α, gα, J) being a 5-dimensional Sasakian manifold.
Definition 1.1. A Legendrian immersion f : Σ 7→ (M,α, gα, J) is called a contact stationary
Legendrian Willmore surface(in short, a csL Willmore surface) if it is a critical point of
the Willmore functional under contact deformations.
In the following we will see that csL Willmore surfaces satisfy the following E-L equation:
div (J
−→
W (f)− 4JH) = 0. (1.7)
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Definition 1.2. Let (M2n+1, α, gα, J) be a Sasakian manifold. A Legendrian submanifold of
M is called a contact stationary Legendrian submanifold(i.e. csL submanifold) if it is a
critical point of the volume functional with respect to contact deformations.
Contact stationary Legendrian submanifolds satisfy the following E-L equation (cf. [CLU][Ir]):
divgJH = 0 (1.8)
where g is the induced metric on L.
Definition 1.3. A Willmore and Legendrian surface in a 5-dimensional Sasakian manifold is
called a Willmore Legendrian surface.
In [Luo] we proved that if Σ is a Legendrian submanifold in a Sasakian manifold, then
〈∆νH,R〉 = −2divgJH, (1.9)
where R is the Reeb field. From (1.9) we can prove in the following that
Theorem 1.4. Assume that Σ is a Willmore Legendrian surface in a 5-dimensional Sasakian
manifold (M,α, gα, J). Then it is a contact stationary Legendrian surface in M . In particular,
every Willmore Legendrian surface in S5 with the standard Sasakian structure is a csL surface.
Based on this discovery, we can quite directly get in the following that
Theorem 1.5 (Theorem 3.8). Let Σ be a Willmore Legendrian 2-sphere in the standard sphere
S
5. Then Σ must be the equatorial 2-sphere.
The classification of Willmore 2-spheres in n-sphere(n ≥ 3) is a long-standing open problem,
solved when n = 3 by Bryant([Br]), when n = 4 by Ejiri([Ej]), Musso([Mu]) and Montiel([Mo])
independently, and recently the classification is solved when n = 5 byMa, Wang andWang([MWW]).
Castro and Urbano([CU]) proved that the Whitney sphere is the only Willmore Lagrangian
sphere in R4, which could be compared with our result.
In addition, following similar ideas from [Luo] we can prove in the following that
Theorem 1.6 (Theorem 3.9). Let Σ be a Willmore Legendrian surface in the standard sphere
S
5 and 0 ≤ S := |A|2 ≤ 2, then it must either be totally geodesic or be a flat minimal Legendrian
tori.
Remark 1.7. Theorem 1.6 generalizes a related gap theorem for minimal Legendrian surfaces
in S5 due to Yamaguchi, Kon and Miyahara(cf. [YKM]).
The integral inequality and gap phenomenon for Willmore surfaces in n-sphere was first
studied by Li(see [Li1]-[Li3]), where he generalized several integral inequalities and gap theorems
for minimal surfaces in n-sphere. In his papers Li used some Simons’ type inequalities and the
Willmore equation to get the desired integral inequalities and gap theorems. In our case by
exploring the geometry of Legendrian surfaces we can get a new Simons’ type inequality which
helps us to find our integral inequality for Willmore Legendrian surfaces in S5.
In this paper we also introduce a flow which aims to prove the existence of csL Willmore
surfaces.
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Definition 1.8. Let f : Σ × [0, T ) 7→ (M,α, gα, J) be a family of immersions and R the Reeb
field of M . We call the following deformation the Legendrian Willmore flow(in short LeW flow)


∂ft
∂t
= −div t(J−→W (ft)− 4JH)R − 12J∇tdiv t(J
−→
W (ft)− 4JH),
f(., 0) = f0,
(1.10)
where f(., t) = ft(.), f0 is an initial Legendrian immersion, and div t, ∇t are the divergence and
gradient operators with respect to the induced metric on ft respectively.
This flow decreases the Willmore energy and preserves the Legendre condition. In the last
section we will prove that it is equivalent to a sixth order scalar flow which is elliptic around the
initial data and so by using a general existence theorem of Huisken and Polden(cf. [HP]) we can
prove in the following the well posedness of the LeW flow if the target manifold is a Sasakian
Einstein manifold.
Theorem 1.9 (Theorem 4.5). Let (M,α, gα) be a 5-dimensional Sasakian Einstein manifold.
Then the LeW flow is well-posed, i.e. for any smooth Legendrian immersion f0, there exists
a T > 0 and a unique family of Legendrian immersions ft for t ∈ [0, T ) such that ft satisfies
(1.10) with initial condition f0.
Remark 1.10. There is a very natural flow, that is the celebrated mean curvature flow, which
preserves the Lagrange condition(see [Sm1]). But it does not preserve the Legendre condition.
In the past decade efforts were made by several authors to find flows preserving the Legendre
condition. In [Sm2] the author defined the Legendre mean curvature flow, which could be seem
as a modification of the MCF and preserves the Legendre condition. In [Le] a fourth order flow
preserving the Legendre condition in spheres was defined. Leˆ’s work provides a general method
to construct gradient flow preserving Legendre condtion and the definition of LeW flow is mainly
motivated by her work. The LeW flow is another example whcih preserves the Legendre condtion
for surfaces. The LeW flow is a Legendrian analogue of our recently defined HW flow in [LW].
The rest of this paper is organized as follows: In section 2 we give some basic material
of contact geometry, which will be our geometry and analysis frame. In section 3 we give the
definition of csL Willmore surfaces and prove a classification result of Willmore Legendrian
spheres and a gap theorem for Willmore Legendrian surfaces in S5. In section 4 we introduce
the LeW flow which is closely related to the existence problem of csL Willmore surfaces and
prove the well posedness of this flow when the target manifold is a Sasakian Einstein manifold.
2 Basic material
In this section we record some basic material of contact geometry. We invite the reader to
consult [Gei] and [Bl] for more materials.
2.1 Contact Manifolds
Definition 2.1. A contact manifold M is an odd dimensional manifold with a one form α such
that α ∧ (dα)n 6= 0, where dimM = 2n + 1.
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Assume now that (M,α) is a given contact manifold of dimension 2n+ 1. Then α defines a
2n−dimensional vector bundle over M , where the fibre at each point p ∈M is given by
ξp = kerαp.
Sine α ∧ (dα)n defines a volume form on M , we see that
ω := dα
is a closed nondegenerate 2-form on ξ ⊕ ξ and hence it defines a symplectic product on ξ, say
ω, such that (ξ, ω|ξ⊕ξ) becomes a symplectic vector bundle. A consequence of this fact is that
there exists an almost complex bundle structure J˜ : ξ 7→ ξ compatible with dα, i.e. a bundle
endomorphism satisfying:
(1) J˜2 = −idξ,
(2) dα(J˜X, J˜Y ) = dα(X,Y ) for all X,Y ∈ ξ,
(3) dα(X, J˜X) > 0 for X ∈ ξ \ 0.
Since M is an odd dimensional manifold, ω must be degenerate on TM , and so we obtain a
line bundle η over M with fibres
ηp := {V ∈ TM |ω(V,W ) = 0 ∀ W ∈ ξ}.
Definition 2.2. The Reeb vector field R is the section of η such that α(R) = 1.
Thus α defines a splitting of TM into a line bundle η with the canonical section R and a
symplectic vector bundle (ξ, ω|ξ ⊕ ξ). We denote the projection along η by π, i.e.
π : TM 7→ ξ,
π(V ) := V − α(V )R.
Using this projection we extend the almost complex structure J˜ to a section J ∈ Γ(T ∗M⊗TM)
by setting
J(V ) = J˜(π(V )),
for V ∈ TM .
We have special interest in a kind of submanifolds in contact manifolds.
Definition 2.3. Let (M,α) be a contact manifold, a submanifold Σ of (M,α) is called an
isotropic submanifold if TxΣ ⊆ ξ for all x ∈ Σ.
For algebraic reasons the dimension of an isotropic submanifold of a 2n + 1 dimensional
contact manifold can not bigger than n.
Definition 2.4. An isotropic submanifold Σ ⊆ (M,α) of maximal possible dimension n is called
a Legendrian submanifold.
2.2 Sasakian manifolds
Let (M,α) be a contact manifold with an almost complex structure J . A Riemannian metric
gα defined on M is said to be associated, if it satisfies the following three conditions:
(1) gα(R,R) = 1,
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(2) gα(V,R) = 0, ∀ V ∈ ξ,
(3) ω(V, JW ) = gα(V,W ), ∀ V,W ∈ ξ.
We should mention here that on any contact manifold there exists an associated metric on
it, because we can construct one in the following way. We introduce a bilinear form b by
b(V,W ) := ω(V, JW ),
then the tensor
g := b+ α⊗ α
defines an associated metric on M .
Sasakian manifolds are the odd dimensional analogue of Ka¨hler manifolds.
Definition 2.5. A contact manifold M with an associated metric gα is called Sasakian, if the
cone CM equipped with the following extended metric g¯
(CM, g¯) = (R+ ×M,dr2 + r2gα) (2.1)
is Ka¨hler w.r.t the following canonical almost complex structure J on TCM = R⊕ 〈R〉 ⊕ ξ :
J(r∂r) = R, J(R) = −r∂r.
Furthermore if gα is Einstein, M is called a Sasakian Einstein manifold.
Lemma 2.6. The Ricci curvature of the cone (CM, g¯) satisfies (cf. [LeW], A.3)
Ric(∂r, ∂r) = −2n+ 1
r
∂2r
∂r2
= 0,
Ric(∂r,X) = 0, if X ∈ T ({r} ×M),
Ric(X,Y ) = RicM (π∗X,π∗Y )− 2n〈π∗X,π∗Y 〉, if X, Y ∈ T ({r} ×M).
This shows if (M,gα) is a Sasakian Einstein manifold then we can get a Calabi-Yau metric
on CM according to (2.1) by changing gα to be some positive multiple of itself.
On Sasakian manifolds we have curvature conditions as follows (cf. [Bl], Lemma 7.1 and
Proposition 7.3, pp. 93-95).
Lemma 2.7. Let (M,α, gα, J) be a 2n + 1 dimensional Sasakian manifold. If R and Ric are
the curvature tensor and the Ricci curvature of (M,gα) respectively, then we have
R(X,Y )R = α(Y )X − α(X)Y, (2.2)
Ric(R,X) = 2m, if X = R, (2.3)
Ric(R,X) = 0, if X ∈ kerα, (2.4)
and (2.5)
R(X,Y )JZ = J(R(X,Y )Z)− g(Y,Z)JX
+ g(JX,Z)Y + g(X,Z)JY − g(JY,Z)X. (2.6)
Moreover if (M,gα) is Einstein, then the scalar curvature of (M,gα) equals 2n(2n+ 1).
We record more several lemmas which are well known in Sasakian geometry. These lemmas
will be used in the subsequent sections.
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Lemma 2.8. Let (M,α, gα, J) be a Sasakian manifold. Then
∇¯XR = −JX, (2.7)
and
(∇¯XJ)(Y ) = g(X,Y )R− α(Y )X, (2.8)
for X,Y ∈ TM , where ∇¯ is the Levi-Civita connection on (M,gα).
Lemma 2.9. Let Σ be a Legendrian submanifold in a Sasakian Einstein manifold (M,α, gα, J),
then the mean curvature form ω(H, ·)|Σ defines a closed one form on Σ.
For a proof of this lemma we refer to [Le], Proposition A.2 and [Sm2], lemma 2.8. In fact
they proved this result under the weaker assumption that (M,α, gα, J) is a weakly Sasakian
Einstein manifold, where weakly Einstein means that gα is Einstein only when restricted to the
contact hyperplane.
Lemma 2.10. Let Σ be a Legendrian submanifold in a Sasakian manifold (M,α, gα, J) and A
be the second fundamental form of Σ in M . Then we have
gα(A(X,Y ),R) = 0. (2.9)
Proof. For any X,Y ∈ TΣ,
〈A(X,Y ),R〉 = 〈∇¯XY,R〉
= −〈Y, ∇¯XR〉
= 〈Y, JX〉
= 0,
where in the third equality we used (2.7). ✷
In particular this lemma implies that the mean curvature H of Σ is orthogonal to the Reeb
field R. This fact is important in our following argument.
Lemma 2.11. Let (M,α, gα, J) be a Sasakian manifold. For any Y,Z ∈ Kerα, we have
gα(∇¯X(JY ), Z) = gα(J∇¯XY,Z). (2.10)
Proof. Note that
(∇¯XJ)Y = ∇¯X(JY )− J∇¯XY.
Therefore by using (2.8) we have
〈∇¯X(JY ), Z〉 = 〈(∇¯XJ)Y,Z〉+ 〈J∇¯XY,Z〉
= 〈J∇¯XY,Z〉,
for any Y,Z ∈ Kerα. ✷
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The standard sphere S2n+1. Let Cn+1 = R2n+2 be the Euclidean space with coordinates
(x1, , ..., xn+1, y1, ..., yn+1) and S
2n+1 be the standard unit sphere in R2n+2. Define
α0 =
n+1∑
j+1
(xjdyj − yjdxj),
then
α := α0|S2n+1
defines a contact one form on S2n+1. Assume that g0 is the standard metric on R
2n+2 and J0
is the standard complex structure of Cn+1. We define gα = g0|S2n+1 , then (S2n+1, α, gα) is a
Sasakian Einstein manifold. The contact hyperplane is characterized by
kerαx = {Y ∈ TxS2n+1|〈Y, J0x〉 = 0}.
3 Willmore Legendrian surfaces and the Legendrian Willmore
problem
In this section we define the contact stationary Legendrian Willmore surfaces in 5-dimensional
Sasakian manifolds.
3.1 Definitions and the E-L equation.
Let (M,α, gα, J) be a 5-dimensional Sasakian manifold with a contact structure α, an associated
metric gα, and an almost complex structure J . Assume that Σ is a closed surface. An immersion
f from Σ to (M,α, gα, J) is called a Legendrian immersion if f(Σ) is a Legendrian surface of
(M,α, gα, J).
Definition 3.1. Let (M,α) be a contact manifold with contact 1-form α and Σ be a Legendrian
submanifold of M .
(1)A family {Σt : t ∈ [0, ǫ), ǫ > 0} of submanifolds in M with Σ0 = Σ is called a contact
deformation of Σ if Σt are Legendrian submanifolds of M .
(2) A vector field V on Σ is called a contact variational vector field if there is a Legendrian
deformation Σt of Σ such that
dΣt
dt
|t=0 = V.
Definition 3.2. A Legendrian immersion f from a closed surface Σ to (M,α, gα, J) is called a
contact stationary Legendrian Willmore immersion(in short, a csL Willmore immersion) if it
is a critical point of the Willmore functional under contact deformations.
By definition, an immersion f is a contact stationary Legendrian Willmore immersion if and
only if it satisfies ∫
Σ
〈−→W (f), V 〉dµf = 0,
for any contact variational vector field V along f .
Recall that contact variational vector fields along f are modeled by functions s on f in the
following way(cf. [Le] and [Sm2]):
V = sR+
1
2
J∇s, (3.1)
where R is the Reeb vector field of M . We have
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Lemma 3.3. Let Σ be a Legendrian submanifold of a Sasakian manifold (M,α, gα, J). Then
〈−→W (f),R〉 = −2div gJH, (3.2)
where R is the Reeb vector field on M and divg is the divergence operator w.r.t the induced
metric g on Σ.
Proof. From the proof of Lemma 3.7 in [Luo] we see that 〈∆νH,R〉 = −2divJH and then by
Lemma 2.10 we complete the proof. ✷
By the representation of V and lemma 3.3 we can easily see that f is a contact stationary
Legendrian Willmore immersion if and only if
∫
Σ
div (J
−→
W (f)− 4JH)sdµf = 0,
for any function s on f . Therefore we have
Proposition 3.4. Let Σ be a closed surface and f : Σ 7→ (M,α, gα, J) be a Legendrian immer-
sion into a Sasakian manifold (M,α, gα, J), then f is a contact stationary Legendrian Willmore
immersion if and only if
div (J
−→
W (f)− 4JH) = 0. (3.3)
Clearly every Willmore Legendrian immersion in a Sasakian manifold is a contact stationary
Legendrian Willmore immersion, by definition. Among them we in particular have the minimal
Legendrian hexagonal torus in S5 ⊆ C3 as an example.
The minimal Legendrian hexagonal torus. The minimal Legendrian hexagonal torus
is defined by
T = {(ξ1, ξ2, ξ3) ∈ C3 : |ξi|2 = 1
3
, i = 1, 2, 3 and Im(ξ1ξ2ξ3) = 0},
where ξi, i=1,2,3, are complex numbers. It is a Willmore Legendrian surface in S5 and it is
conjectured that this torus minimizes the Willmore energy among all Legendrian tori in S5.
Problem 1. How to construct Willmore Legendrian surfaces in S5 which are not minimal
Legendrian surfaces?
Problem 2. How to construct csL Willmore surfaces in S5 which are not Willmore Legen-
drian surfaces?
3.2 Willmore Legendrian surfaces in S5
In this section we give a classification result for Willmore Legendrian spheres and a gap theorem
for Willmore Legendrian surfaces in S5.
3.2.1 Willmore Legendrian spheres
First we give a definition.
Definition 3.5. A contact stationary Legendrian submanifold Σ in a Sasakian manifold
(M2n+1, α, gα, J) is a stationary point of the volume functional under contact deformations.
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A contact stationary Legendrian submanifold Σ satisfies the following E-L equation (cf.
[CLU][Ir]):
div g(JH) = 0, (3.4)
where g is the induced metric on Σ and divg is the divergence operator.
Definition 3.6. A Willmore and Legendrian surface in a 5-dimensional Sasakian manifold is
called a Willmore Legendrian surface.
We have
Theorem 3.7. Let Σ be a Willmore Legendrian surface in a Sasakian 5-manifold (M,α, gα, J).
Then it is a contact stationary Legendrian surface in (M,α, gα, J).
Proof. This is a direct consequence of Lemma 3.3. ✷
By this fact we have the following classification theorem:
Theorem 3.8. Let Σ be a Willmore Legendrian 2-sphere in the standard sphere S5. Then Σ
must be the equatorial 2-sphere.
Proof. By the last theorem we have that Σ satisfies the following equation
div g(JH) = 0. (3.5)
It is easy to see that this is equivalent to
δ(Hyω) = 0, (3.6)
where δ is the dual operator of d on Σ w.r.t the induced metric g.
On the other hand the mean curvature 1-form Hyω of a Legendrian surface in a Sasakian
Einstein manifold is closed, that is
d(Hyω) = 0. (3.7)
From (3.6)-(3.7), we deduce that Hyω is a harmonic 1-form on Σ. Since there is no non-trial
harmonic 1-form on 2-sphere, we see that H = 0, i.e. Σ is a minimal Legendrian 2-sphere.
Therefore Σ is the equatorial 2-sphere in S5, by Yau’s result(cf. [Yau]). ✷
3.2.2 A gap theorem
Obviously minimal Legendrian surfaces in S5 are a special kind of Willmore Legendrian surfaces.
For minimal Legendrian surfaces in S5, we have a gap theorem which states that any minimal
Legendrian surface with 0 ≤ S := |A|2 ≤ 2 must be S = 0 or S = 2(cf. [YKM]). Here we
generalize this result to Willmore Legendrian surfaces.
Theorem 3.9. Let Σ be a Willmore Legendrian surface in S5 with 0 ≤ S := |A|2 ≤ 2, then
either S = 0 and Σ is totally geodesic or S = 2 and Σ is a flat minimal Legendrian tori.
Proof. We postpone the proof of this theorem to the end of this paper. ✷
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4 The LeW-flow
In this section we introduce a flow method to investigate the existence of the contact stationary
Legendrian Willmore immersions. As a first step we prove that this flow is well defined when
the target manifold is a Sasakian Einstein manifold.
Definition 4.1. Let f : Σ × [0, T ) 7→ (M,α, gα, J) be a family of immersions. We call f a
solution of the Legendrian Willmore flow (the LeW flow) if


∂ft
∂t
= −div t(J−→W (ft)− 4JH)R − 12J∇tdiv t(J
−→
W (ft)− 4JH),
f(., 0) = f0,
(4.1)
where f(., t) = ft(.), f0 is an initial Legendrian immersion, and div t, ∇t are the divergence and
gradient operators with respect to the induced metric on ft respectively.
The right hand side of the LeW flow defines a contact variation on ft, as a consequence the
LeW flow preserves the Legendrian condition.
Proposition 4.2. The Willmore functional is decreasing along the LeW flow.
Proof. By (1.3) and lemma 3.3 we have
dW (ft)
dt
=
1
2
∫
Σ
〈−→W (ft), ∂ft
∂t
〉dµft
=
1
2
∫
Σ
〈−→W (ft),−div (J−→W (ft)− 4JH)R − 1
2
J∇div (J−→W (ft)− 4JH)〉dµft
= −1
4
∫
Σ
|div (J−→W (ft)− 4JH)|2dµft .
Hence the conclusion follows. ✷
In the following we introduce a L2 metric defined by Leˆ(cf. [Le]) on Λ, the set of all Legendrian
surfaces in (M,α, gα, J), such that the Legendrian Willmore flow is a negative gradient flow with
respect to this metric.
Let Σ ∈ Λ and V1, V2 ∈ TΣΛ, then we have
V1 = f1R+
1
2
J∇f1 and V2 = f2R+ 1
2
J∇f2,
for some functions f1, f2 on Σ. We define
〈V1, V2〉Λ := 1
4
∫
Σ
f1f2dvolΣ. (4.2)
Note that this L2 metric is different from the usual one because it only takes into account the
Reeb component.
We have
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Proposition 4.3. The gradient ∇W of the Willmore functional W with respect to the L2 metric
defined by (4.2) is
∇W = hfR+ 1
2
∇hf ,
where
hf = div (J
−→
W (f)− 4JH).
Proof. Let f : Σ× I 7→ (M,α, gα, J) be a family of immersions and denote by Σt = ft(Σ) with
∂Σt
∂t
|t=0 = hR+ 1
2
J∇h := V.
Then the gradient ∇W of the Willmore functional W with respect to the L2 metric 〈., .〉Λ, by
definition, is
〈∇W,V 〉Λ := ∂W (ft)
∂t
|t=0
=
1
2
∫
Σ
〈−→W (f), hR + 1
2
J∇h〉
=
1
2
∫
Σ
〈−→W (f), 1
2
J∇h〉 − 2hdiv JH
=
1
4
∫
Σ
hfh := 〈hfR+ 1
2
J∇hf , V 〉Λ,
where in the third equality we used lemma 3.3. Thus ∇W = hfR+ 12∇hf . ✷
Let ft be a solution of the Legendrian Willmore flow. Set Σt = ft(Σ), we have
∂Σt
∂t
= −∇W (Σt), (4.3)
which implies that the Legendrian Willmore flow is a negative gradient flow with respect to the
L2 metric 〈., .〉Λ.
Let J1(Σ0) be the standard contact manifold, i.e. the 1-jet bundle over Σ0 with the canonical
contact structure and ϕ be a contactmorphism from an open neighborhood of the zero section
Σ0(⊆ U ⊆ J1(Σ0)) to a small neighborhood Nǫ(Σ0) ⊆ M . Then for t small Σt = ϕ(gt, dgt) for
some function gt on Σ0. Using this representation we have
Lemma 4.4. Equation (4.3) locally (i.e. there exists T > 0 such that for all t ∈ [0, T )) is
equivalent to the equation
∂gt
∂t
= −div (J−→W (ϕ(gt, dgt))− 4JH). (4.4)
Proof. First we show that equation (4.3) implies equation (4.4). For t small Σt will belongs to
Nǫ(Σ0) and on U we have a induced metric ϕ
∗gα. We write down equation (4.3) as follows
∂ϕ(gt, dgt)
∂t
= −div (J−→W (ϕ(gt, dgt))− 4JH)R − 1
2
J∇div (J−→W (ϕ(gt, dgt))− 4JH). (4.5)
Let R1 be the Reeb vector field of J1(Σ0). The LHS of equation (4.5) is the sum of the Reeb
component ϕ∗(
∂gt
∂t
R1) and the fiber component ϕ∗(
d
dt
dgt). The fiber component lies in the
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contact hyperplane in J1(Σ0) and so it is orthogonal to the Reeb field R
1, with respect to the
induced metric ϕ∗gα. So we have
ϕ∗(
∂gt
∂t
R1) = −div (J−→W (ϕ(gt, dgt))− 4JH)R.
Noting that ϕ∗R
1 = R, we have
∂gt
∂t
= −div (J−→W (ϕ(gt, dgt))− 4JH),
which is equation (4.4).
On the other hand, because ∂dgt
∂t
lies in the contact hyperplane, the Reeb component of
∂(gt,dgt)
∂t
is ∂gt
∂t
R1. Therefore the Reeb component of ∂ϕ(gt,dgt)
∂t
is ϕ∗(
∂gt
∂t
R1), which is
−div (J−→W (ϕ(gt, dgt))− 4JH)R.
So the Legendrian vector field ∂ϕ(gt,dgt)
∂t
must be
−div (J−→W (ϕ(gt, dgt))− 4JH)R− 1
2
J∇div (J−→W (ϕ(gt, dgt))− 4JH)
and we complete the proof of the lemma. ✷
As a first step in the study of the LeW flow, we will prove the well posedness of the LeW
flow as follows
Theorem 4.5. Let (M,α, gα, J) be a 5-dimensional Sasakian Einstein manifold. Then the LeW
flow is well-posed, i.e. for any smooth Legendrian immersion f0, there exists a T > 0 and a
unique family of Legendrian immersions ft for t ∈ [0, T ) such that ft satisfies (4.1) with initial
condition f0.
The standard odd dimensional unit sphere given in section 2 is a Sasakian Einstein manifold.
Therefore we have
Corollary 4.6. Let (S5, α, gα, J) be the standard contact sphere given in section 2. Then the
LeW flow with M = S5 is well-posed.
Proof of Theorem 4.5. By lemma 4.4, it suffices to prove that the flow (4.4) exists and
unique at a time interval [0, T ) for some T > 0 with the initial condition g0 = 0.
We can see that flow (4.4) is a sixth-order quasilinear scalar flow. We shall use the following
general existence theorem for higher order quasilinear scalar flow on compact manifolds, due to
Huisken and Polden(cf. [HP]).
Theorem 4.7 ([HP], Theorem 7.15). Suppose that for a smooth initial data u0 the operator of
2p order
A(u) = Ai1j1...ipjp(x, u,∇u, ...,∇2p−1u)Di1j1...ipjp
is smooth and strongly elliptic in a neighborhood of u0. Then the evolution equation
Dtu = −A(u)u+ b,
where b = b(x, u,∇u, ...,∇2p−1u) is smooth, has a unique smooth solution on some interval
[0, T ).
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Remark 4.8. Here Ai1j1...ipjp is strongly elliptic means that it is can be decomposed as
Ai1j1...ipjp = (−1)pEi1j1Ei2j2 ...Eipjp ,
where the 2-form E is strictly positive: E ≥ λg for some λ > 0.
Since the evolution equation (4.4) is a scalar quasilinear flow equation, in view of this theorem
it suffices to show that it is parabolic around a neighborhood of g0 = 0.
Lemma 4.9. Denote the RHS of (4.4) by Vt = −div (J−→W (ϕ(gt, dgt))). Then
Vt = −∆div (JH) + lower order terms, (4.6)
where ∆,div ,H are the Laplacian, divergence and mean curvature vector of ϕ(gt, dgt) respec-
tively.
Proof. It easy to see that J∆νH = ∆JH and so by (1.4) we obtain
Vt = −div∆JH + lower order terms. (4.7)
By the Ricci formula we have
div∆JH = ∆div JH + lower order terms. (4.8)
Inserting (4.8) into (4.7), we get (4.6). ✷
It is known that the mean curvature vector field H(Σ) of a Lagrangian submanifold Σ in a
Calabi-Yau manifold M2n is symplectically dual to the angle form dθ(cf. [HL]), i.e.
H = J(dθ)♯, (4.9)
where ♯ : Ω1(Σ) 7→ V ect(Σ) is defined by
X(Y ) = 〈X♯, Y 〉
and θ is the real part of the complex value of V olC(TM
2n). Here V olC denotes the holomorphic
complex volume form on M2n.
If Σ is a Lengendrian submanifold in a Sasakian manifold (M,α, gα, J), we have an analogue
of (4.9). More precisely we denote by det(M) the determinant bundle of the contact plane
bundle kerα over M and by Leg(M) the bundle of oriented Legendrian planes in kerα. We also
denote by det the following bundle map
det : Leg(M) 7→ det(M)
ω 7→ ω ∧ Jω.
We have
Lemma 4.10 ([Le]). Let us denote by α˜ the canonical connection form on the determinant
bundle det(M) over a Sasakian manifold (M,α, gα, J). Then the mean curvature H(Σ) of an
oriented Legendrian submanifold Σ ⊆M is symplectically dual to
hΣ = (det ◦ ρ)∗α˜, (4.10)
i.e. hΣ = J(H(Σ))
♯. Here ρ : Σ 7→ Leg(M) denotes the Gauss map which sends each point
x ∈ Σ to the plane TxΣ.
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Set Σ = ϕ(gt, dgt), we shall compute the symbol in an open simply connected domain on Σ.
For the simplicity we shall denote this domain also by Σ.
Since M is Sasakian Einstein, the form hΣ is closed, therefore the restriction of detM to Σ
is a flat S1−bundle. Since Σ is simply connected we can choose a trivialization
Π : detM |Σ 7→ S1 (4.11)
which is compatible with this connection, i.e. i∗α˜ = Π∗(dθ) = dΠ, where i denotes the embed-
ding of detM |Σ to detM , and dθ is the canonical one form in the circle S1 with coordinate θ.
Thus we can rewrite (4.10) as follows
hΣ = d(Π ◦ det ◦ ρ). (4.12)
This equation implies that H(Σ) = J∇(Π ◦ det ◦ ρ) and so we can rewrite equation (4.4) as
follows
∂gt
∂t
= ∆2(Π ◦ det ◦ ρ) + lower order terms, (4.13)
where in the above equality we used the result of lemma 4.6.
Lemma 4.11. ([Le], Lemma 5.7.) The symbol of the linearization of Π◦det◦ρ◦ϕ(gt) at g0 = 0
is a positive multiple of the identity matrix.
Proof. Sketch: Because gα defines a Sasakian Einstein manifold, by lemma 2.7 it has positive
scalar curvature and so by lemma 2.6 there exists a positive constant σ such that σgα induces
a Calabi-Yau metric on CM , and the new flow in the new metric σgα (4.4) is a scaling of the
old flow (4.4).
Let us denote by Π0 : detM 7→ S1 the canonical trivialization of detM on the Calabi-Yau,
and by Π the trivialization of det(C(M))|C(Σ) which is induced from
Π : detM |Σ 7→ S1.
Since two trivializations are compatible with the canonical connection form α on detCM , so
they are the same. Therefore the linearization D(Π ◦ det ◦ ρ ◦ ϕ)0 is equal to the restriction of
the linearization D(Π0 ◦ i ◦ ρ1 ◦C(ϕ)) to homogenous functions, i.e. the set of functions f(r, x)
on C(ϕ) with f(r, x) = r2f(x).
First we compute the linearization of the angle function θ(Lf) on a Lagrangian submanifold
L in a Calabi-Yau manifold N , where Lf is the deformation of L by a function f on L via the
following formula:
Lf = φ(J∇f).
Here J∇f is a Lagrangian submanifold in NL and φ is a symplectomorphism NL 7→ N which
equals to the identity on L. Then we get
θ(Lf ) = arg(e
iθL det(Id+
√−1∇∇f)), (4.14)
where ∇ is the covariant derivative on L.
Noting that
θ(Lǫf) = arg(e
iθL det(Id+
√−1∇∇ǫf)) = θL + arg det(Id+
√−1∇∇ǫf),
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and
det(Id+
√−1∇∇ǫf) = 1 + iǫ∆Lf + o(ǫ),
we have
d
dǫ
θ(Lǫf )|ǫ=0 = ∆Lf.
Hence
D(Π0 ◦ i ◦ ρ1 ◦ C(ϕ)df) = ∆Lf. (4.15)
In addition we get for f˜ = r2f(x),
∆C(Σ)f˜ = ∆Σf − 2nf,
which proves our statement. ✷
By (4.13) and lemma 4.11 we see that the flow (4.4) is a parabolic flow around the initial
data and so we get theorem 4.5 directly from Huisken and Polden’s theorem.
This finishes the proof of theorem 4.5. ✷
5 Appendix: Proof of Theorem 3.9
Let Σ be a Legendrian surface in S5 with the induced metric g. Let {e1, e2} be an orthogonal
tangent frame on Σ such that {e1, e2, Je1, Je2,R} be an orthonormal frame on S5.
In the following we use indices i, j, k, l, s, t,m and β, γ such that
1 ≤ i, j, k, l, s, t,m ≤ 2,
1 ≤ β, γ ≤ 3,
γ∗ = γ + 2, β∗ = β + 2.
Let A be the second fundamental form of Σ in S5 and define
hkij = gα(A(ei, ej), Jek), (5.1)
h3ij = gα(A(ei, ej),R). (5.2)
Then
hkij = h
j
ik = h
i
kj, (5.3)
h3ij = 0. (5.4)
The Gauss equations and Ricci equations are
Rijkl = (δikδjl − δilδjk) +
∑
s
(hsikh
s
jl − hsilhsjk) (5.5)
Rik = δik + 2
∑
s
Hshsik −
∑
s,j
hsijh
s
jk, (5.6)
2K = 2 + 4H2 − S, (5.7)
R3412 =
∑
i
(h1i1h
2
i2 − h1i2h2i1)
= deth1 + det h2, (5.8)
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where h1, h2 are the second fundamental forms w.r.t. the directions Je1, Je2 respectively.
In addition we have the following Codazzi equations and Ricci identities
h
β
ijk = h
β
ikj, (5.9)
h
β
ijkl − hβijlk =
∑
m
h
β
mjRmikl +
∑
m
h
β
miRmjkl +
∑
γ
h
γ
ijRγ∗β∗kl. (5.10)
Using these equations, we can get the following Simons’ type inequality:
Lemma 5.1. Let Σ be a Legendrian surface in S5. Then we have
1
2
∆
∑
i,j,β
(hβij)
2 ≥ |∇Th|2 − 4|∇νH|2 +
∑
i,j,k,β
(hβijh
β
kki)j
+ S + 2(1 +H2)ρ2 − ρ4 − 1
2
S2, (5.11)
where |∇Th|2 =∑i,j,k,s(hsijk)2 and |∇TH|2 =∑i,s(Hsi )2.
Proof. Using equations from (5.5) to (5.10), we have
1
2
∆
∑
i,j,β
(hβij)
2 =
∑
i,j,k,β
(hβijk)
2 +
∑
i,j,k,β
h
β
ijh
β
kijk
= |∇h|2 − 4|∇νH|2 +
∑
i,j,k,β
(hβijh
β
kki)j +
∑
i,j,l,k,β
h
β
ij(h
β
lkRlijk + h
β
ilRlj)
+
∑
i,j,k,β,γ
h
β
ijh
γ
kiRγ∗β∗jk
= |∇h|2 − 4|∇νH|2 +
∑
i,j,k,s
(hsijh
s
kki)j + 2Kρ
2 − 2(det h1 + det h2)2
≥ |∇h|2 − 4|∇νH|2 +
∑
i,j,k,β
(hβijh
β
kki)j + 2(1 +H
2)ρ2 − ρ4 − 1
2
S2, (5.12)
where ρ2 := S − 2H2 and in the above calculations we used the following identities∑
i,j,k,l,β
h
β
ij(h
β
lkRlijk + h
β
ilRlj) = 2Kρ
2,
∑
i,j,k,β,γ
h
β
ijh
γ
kiRγ∗β∗jk = −2(det h1 + deth2)2,
where in the first equality we used Rlijk = K(δljδik − δlkδij) and Rlj = Kδlj in a proper
coordinate, because Σ is a surface.
Note that
|∇h|2 =
∑
i,j,k,β
(hβijk)
2
= |∇Th|2 +
∑
i,j,k
(h3ijk)
2
= |∇Th|2 +
∑
i,j,k
(hkij)
2
= |∇Th|2 + S, (5.13)
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where in the third equality we used
h3ijk = 〈∇¯ekA(ei, ej),R〉
= −〈A(ei, ej), ∇¯ekR〉
= 〈A(ei, ej), Jek〉
= hkij .
Combing (5.12) and (5.13) we get (5.11). ✷
Let Σ be a surface in Sn with second fundamental form A = (hαij), α = 3, ..., n. We define
the trace free tensor
h˜αij = h
α
ij −Hαgij .
Then the Willmore equation becomes
∆νHα +
∑
β,i,j
h˜αij h˜
β
ijH
β = 0, 3 ≤ α ≤ n. (5.14)
We have
Lemma 5.2. Let Σ be a Willmore surface in Sn, then
∫
Σ
|∇νH|2dµ =
∫
Σ
σ˜αβH
αHβdµ, (5.15)
where σ˜αβ =
∑
ij h˜
α
ij h˜
β
ij .
Proof. See [Li2]. ✷
Because (σ˜αβ) is a symmetric matrix we can assume that it is diagonal at a point p ∈ Σ, by
choosing a proper local orthonormal frame around p. Then we see that σ˜αβ = σ˜αδαβ , ρ
2 =
∑
α σ˜α
and
H2ρ2 =
∑
α
(Hα)2
∑
β
σ˜β ≥
∑
α
(Hα)2σ˜α =
∑
α,β
HαHβσ˜αβ. (5.16)
Integrating over (5.11) and using equality (5.15), inequality (5.16) we get
0 =
∫
Σ
|∇Th|2 − 4|∇νH|2 + S + 2(1 +H2)ρ2 − ρ4 − 1
2
S2dµ
≥
∫
Σ
−4|∇νH|2 + S + 2(1 +H2)ρ2 − ρ4 − 1
2
S2dµ
=
∫
Σ
−4|∇νH|2 + 4H2ρ2 + ρ2(2− S) + S − 1
2
S2dµ
≥
∫
Σ
(ρ2 +
S
2
)(2− S)dµ.
Therefore if 0 ≤ S ≤ 2 we must have S = 0, i.e. Σ is totally geodesic or S = 2.
At last we analyze the case S = 2. In this case we must have
(det h1 + det h2)2 =
S2
4
,
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that’s deth1 + deth2 = −S2 or
S
2 . If det h
1 + det h2 = S2 , noting that ρ
2 = S − 2H2 =
S
2 − (deth1+deth2) = 0, which implies |∇νH|2 = 0, by (5.15) and (5.16). But similar to (5.13)
we have |∇νH|2 = |∇TH|2 + H2, we have H = 0 and so S = 0, a contradiction. Thus we
must have deth1 + det h2 = −S2 . Noting that ρ
2 = S − 2H2 = S2 − (det h1 + deth2) = S and
ρ2 = S − 2H2, we get H = 0, i.e. Σ is a flat minimal Legendrian tori. This completes the proof
of Theorem 3.9. ✷
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